The quantum vacuum in a many-body system of finite nuclei has been inves- 
I. INTRODUCTION
One of the main characters distinguishing relativistic approaches from nonrelativistic approaches is that the former one has a vacuum. It is quite interesting to study the structure of quantum vacuum in a many-body system, e.g., in a finite nucleus where the Fermi sea is filled with the valence nucleons while the Dirac sea is full of the virtual nucleon-anti-nucleon pairs. A schematic picture taken from Refs. [1, 2] is given in Fig. 1 .
The shell-model states have been theoretically and experimentally well established [3] while no information for the bound states of anti-nucleons in the Dirac sea are available. This is the aim of our work. The observation of anti-nucleon bound states is a verification for the application of the relativistic quantum field theory to a many-body system [4] .
It constitutes a basis for the widely used relativistic mean-field (RMF) theory under the no-sea approximation [2, 4, 5, 6, 7, 8] and the relativistic Hartree approach (RHA) [9, 10, 11, 12, 13] . Since the bound states of nucleons are subject to the cancellation of two potentials S + V (V is positive, S is negative) while the bound states of anti-nucleons, due to the G-parity, are sensitive to the sum of them S − V , consistent studies of both the nucleon and the anti-nucleon bound states can determine the individual S and V .
In addition, the exact knowledge of potential depth for anti-nucleons in the medium is a prerequisite for the study of anti-matter and anti-nuclei in relativistic heavy-ion collisions [14, 15] . We have developed a relativistic Hartree approach which describes the bound states of nucleons and anti-nucleons in a unified framework. For the details of the model we refer to Refs. [16, 17] . A brief description will be given in Sec. II. Numerical results and discussions are presented in Sec. III.
II. RELATIVISTIC HARTREE APPROACH
The Lagrangian density of nucleons interacting through the exchange of mesons can be expressed as [4] 
where U(σ) is the self-interaction part of the scalar field [18] 
In the above f ω and f ρ are the tensor-coupling strengths of vector mesons; other symbols have their usual meaning.
In finite nuclei the Dirac equation is written as
The field operator can be expanded according to nucleons and anti-nucleons and reads as
Here the label α denotes the full set of single-particle quantum numbers. The wave functions of nucleons and anti-nucleons can be specified as [19, 16] 
Here Ω jlm are the spherical spinors.
Inserting Eq. (4) into Eq. (3) and making some straightforward algebra we arrive at the Schrödinger-equivalent equations for the upper component of the nucleon's wave function
and the lower component of the anti-nucleon's wave function
Other components can be obtained through the following relations
The Schrödinger-equivalent effective mass and potentials are defined as follows: for the
for the anti-nucleon They are evaluated by means of the derivative expansion technique [20] . In numerical calculations the Laplace equations and the equations of nucleons and anti-nucleons are solved in an iterative procedure self-consistently to determine the potentials and wave functions. The energy spectra of the nucleon and the anti-nucleon are computed by means of the following equations
III. NUMERICAL RESULTS AND DISCUSSIONS
The parameters of the model are fixed in a least-square fit to the properties of eight spherical nuclei. They are presented in Table I and denoted as the RHAT set and the RHA1 set for the two cases of with and without the tensor-coupling terms. The major result is that a large effective nucleon mass m * /M N ≈ 0.78 is obtained. The contributions of the vacuum to the scalar density and baryon density are depicted in Fig. 2 . The computations are performed with the RHAT set of parameters for 40 Ca. Noticeable influence from the Dirac sea can be found for the scalar density while the effect on the baryon density is relatively small. Table I  Fig. 2   Table II  Table III In Table II and III we present the single-particle energies of protons (neutrons) and anti-protons (anti-neutrons) in three spherical nuclei of 16 O, 40 Ca and 208 Pb. The binding energies per nucleon and the rms charge radii are given too. The experimental data are taken from Ref. [21] . It can be found that the relativistic Hartree approach taking into account the vacuum effects can reproduce the observed binding energies , rms charge radii and particle spectra quite well. Because of the large effective nucleon mass, the spin-orbit splitting on the 1p levels is rather small in the RHA1 model. The situation has been ameliorated conspicuously in the RHAT model incorporating the tensor couplings for the ω-and ρ-meson, while a large m * stays unchanged. On the other hand, the anti-particle energies computed with the RHAT set of parameters are 20 -30 MeV larger than that reckoned with the RHA1 set. Figure 1 : A schematic picture taken from Refs. [1, 2] for the energy spectra in a finite nucleus. The shell-model states are filled with the valence nucleons while the vacuum is full of virtual nucleon-anti-nucleon pairs. 
